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Scaling properties of potential fields due to scaling sources
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Abstract. The theoretical power spectrum of the
3-dimensional potential field caused by an arbitrary 3-
dimensional source distribution is derived for gravity
and magnetic data. A function with scale-invariant fea-
tures has a power spectrum, which is proportional to
the frequency raised to minus the scaling exponent. For
scaling source distributions, the power spectrum of the
gravity and magnetic field is anisotropic and a specific
scaling exponent exists only for lower-dimensional cross
sections of the field. We suggest an approach which
allows, under certain conditions, to derive the power
spectrum of a lower-dimensional subset from the power
spectrum of a 3-dimensional function. For the special
case where the 3-dimensional function has an isotropic
scaling exponent 33”2, we confirm a known property,
namely that a (3-k)-dimensional subset of the function
has a scaling exponent of approximately k less than
B3P . This property is not applicable to the anisotropic
3-dimensional fields, but it can be applied to source
distributions with isotropic scaling exponent. Summa-
rizing our results, the scaling exponents of the density
distribution and the gravity field are related by

3D —- 2D — nplD
dens dens + 1= ﬁdens + 2

= B:fvf'jeld -1= ﬂfiezd = ﬂ}/ield = ﬂ;ield
whereas the relationship between the scaling exponents

of the susceptibility distribution and the magnetic field
reduced to the pole can be stated as follows:

ﬁ?ﬂ.ﬁc = fz?sc‘f'l: :£c+2=ﬂ;;’e1d+l
Bficta +2 = Bfica+2=Bieta +2.

Introduction

The concept of scaling geology has been introduced
by Mandelbrot (1967). For several reasons, the scaling
exponent 3 of a 3-dimensional density or susceptibility
distribution is an important parameter. First of all,
B directly contains information on the local geology.
For example, Pilkington and Todoeschuck (1993) found
scaling exponents of 1.32 to 1.96 for sedimentary and
from 2.08 to 2.72 for igneous rocks from susceptibility
logs.

Besides the possibility of using 3 itself to distinguish
between different rock types, 3 also plays an important
role in standard least squares inversion. An empiri-
cal geophysical dataset can be seen as a convolution of
the source distribution with a system function (Dimri,
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1992). To recover the source distribution from the mea-
sured data by least squares inversion, we have to make a
priori assumptions on the covariance of the source dis-
tribution. The scaling exponent provides exactly this
information. That the scaling exponent can be a valu-
able input for inversion has been demonstrated by To-
doeschuck and Jensen(1989) for the deconvolution of
seismograms, as well as by Gregotski et al. (1991), who
proposed a deconvolution operator for fractal suscepti-
bility mapping.

In this paper we first derive the relationship be-
tween the 3-dimensional power spectrum of an arbi-
trary source distribution and the power spectrum of
the respective 3-dimensional field.

The scaling exponents of 3-dimensional density and
susceptibility distributions have to be derived from
lower dimensional cross sections either of the sources
(e.g. density and susceptibility logs), or of their re-
spective fields (e.g. well logs, profiles, maps).

It has already been pointed out, that a scaling ex-
ponent that describes scale-invariant features of a n-
dimensional function is greater approximately by k
than a scaling exponent of any (n — k)-dimensional
subset of the function (Falconer, 1990; Turcotte,
1992). This property can be directly applied to a 3-
dimensional source distribution with isotropic scaling
exponent. However, the power spectra of gravity and
magnetic fields are anisotropic and do not have a spe-
cific scaling exponent. By making an assumption on the
phases of the Fourier transform, we derive a general re-
lationship between the power spectrum of a function
and the power spectrum of its lower-dimensional sub-
sets. This relationship allows to calculate the scaling
exponents for the relevant cross sections of the fields.

Gravity being closely related to magnetic fields, we
derive the following properties for both kinds of fields.
Since the fields as such are not directly accessible by
geophysical measurements, we give attention to the spe-
cific nature of the measured data.

Gravity Fields

The anomaly potential T(r) of the gravity field
caused by a density distribution p(r) satisfies Poisson’s
equation

AT(r) = const p(r) (1)

where const refers to all terms which are independent

of the location ¥ = (z,y,2) and the wave vector k =
(ks by, k) = (u,v, w).

A differentiation in space domain becomes a multi-
plication with the respective component of the wave
vector in frequency domain, thus leading to

k2T(k) = const jp(k) (2)
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In gravity surveys usually the vertical gradient g(r) of
the gravity potential is measured. In frequency domain
we can therefore write

. 2
B0 = RITM)P = const 12 13RI (3)

This is the relationship between the power spectrum of
the vertical gradient of the anomaly potential and the
power spectrum of the density distribution.

Magnetic Fields

We will now derive a relationship between the spec-
trum of the susceptibility distribution and the magnetic
field. '

Let us first clarify what we are actually measuring
with a total intensity magnetometer.

The magnetic field is the vector sum of the normal
field and the anomaly field caused by the susceptibil-
ity distribution. When we subtract the intensity of the
normal field from the measured intensity, we only get
the component of the anomaly field parallel to the nor-
mal field, which is equivalent to the derivation of the
potential Usnomaiy of the anomaly field in direction of
the normal field. The observed anomaly of intensity of
the magnetic field 7, can thus be expressed as

To(r) = 7 - VUznomaty () (4)

where 7 is a unit vector in direction of the normal field.

For the following derivation we will make the assump-
tions of isotropic susceptibility x(r), homogeneous nor-
mal field Ny and negligible remanent magnetization.
Under these simplifying assumptions the magnetization
in a specific location can be directly obtained from the
susceptibility in this point. Furthermore, the potential
Uanomaly can then be expressed as the potential of a

field of magnetic dipoles x(r')No:

- = 1
Uanomaly (7) const /x(r’)No avi m d3r'

a3

— 1 NN
cons /X(r YNy -V Fo 7

—const N, -ﬁ/x(r’) B 11'~7| d3r'
r—

= —const N, -eV(r) (5)

where V(r) has the properties of a virtual gravity po-
tential, the susceptibility taking on the role of a virtual
density. The gradient of the anomaly potential is thus

VUanomaly (7') = const (N.O : 6) 6‘/(1‘)
+ const Ng x V x ﬁV(r)
= const (No-V)VV(r)  (6)

For the anomaly of the intensity of the magnetic field
we then find
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Ta(r) = v 6Uanomaly(r)
= const (No - V)(No - VV(r)) (N

Transformation to frequency domain yields

Ta(k) = const (Ny-kE)(No - k) V(k)
= constgﬁ()#lii(k)
~ ¥z .-‘4
TP = const T g gm)

Equation (8) shows that the power spectrum of T, is
anisotropic and depends on the direction of the normal
field No.

Let us assume now, that the field has been reduced to
the pole, which is possible with the above assumptions.
Then Ny = (0,0,1) and we get

. k2
|T,,(k')|2 = const i | (k)|2 9

This is the relationship between the power spectrum
of the anomaly of the magnetic field intensity and the
power spectrum of the susceptibility distribution.

The Scaling Exponent

Recently, Pilkington and Todoeschuck (1993) have
shown that the § =~ 3 power spectra of aeromag-
netic data observed by Gregotski et al. (1991) im-
ply a 3-dimensional susceptibility distribution with
B =~ 4. This seemed to be inconsistent with the ob-
served f & 2 for susceptibility logs observed by Pilk-
ington and Todoeschuck (1993). To account for this
inconsistency Pilkington and Todoeschuck postulated
anisotropic scaling with 8 = 4 for the horizontal sus-
ceptibility distribution and B & 2 for the vertical dis-
tribution.

As we will see, it is not required to postulate
anisotropic scaling behaviour to explain the observed
scaling exponents. On the contrary, an isotropic 3-
dimensional susceptibility distribution with g = 4 will
necessarily lead to the observed 8 = 2 for a well log.

This is a special case of the more general question,
how the power spectrum of a n-dimensional function
is related to the power spectra of lower-dimensional
subsets of this function. We will begin with the 2-
dimensional case and consider a function F(z,y) :
R? — C with its Fourier transform F(u,v) : R? —
C.

We want to know the Fourier transform f(u) of a
1-dimensional subset f(€) := F(& cos(p),€sin(p)) of
F(z,y) in an arbitrary direction ¢.

To facilitate the following derivations, we will assume
¢ = 0, taking f(z) as the values of F along the x-axis
(f(z) = F(=,0)).

|F(u,v)| can be seen as the amplitude of a planar
wave travelling in (u,v)-direction. If this direction is
not exactly perpendicular to the x-axis, then this wave
will contribute with its full intensity to f(u).
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Let us consider a fixed frequency ug. Then we have to
add all 2D-waves with direction (uo,v) and amplitude
and phase F'(ug,v) to get f(up). To add two waves,
we have to know their phase shift. If it is zero, the
amplitudes add, whereas for 180° phase shift we have
to subtract the amplitudes. This property is expressed
in the following inequality:

0 < lf@l < [ IF@old (o)

—00

Let us assume that there is no relationship between
the phases, i.e. the waves are incoherent. Then we have
to add the intensities instead of the amplitudes. In this
case we get

For= [ " 1P, v)fdv (11)

which relates the 1D-power spectrum of the subset to
the 2D-power spectrum of the superset.

In the special case where F(z,y) has an isotropic
scaling exponent we can write

-8
o< Vu?+ v? (12)

To calculate the 1D-power spectrum of the subset
f(z) we have to solve the integral

w p—
/ Vu? 40?2 g dv
- 00

0o ) =B
/_oo"—ﬂ‘/HF dv  (13)

(u # 0) gives dv = u da and

o0
-p
/ v Puv1+a®  da

— 00

= P / Vivza Pda (a)

For 3 > 2 the integral which is now independent of u
converges and

|F(u, v)|”

HOlk

Substituting ¢ = %

u’!?

[f()l?

I

|f(w)|? = const u=Pt1 (15)
Therefore, the same function F(z,y) having a 8 power
spectrum in two dimensions will have a # — 1 power
spectrum for any 1-dimensional subset.

These derivations can be easily generalized to higher
dimensions on substituting u? by u? + w?, yielding

g0 =p20_1=pD_29 (16)

This basic property of 3, which is not restricted to
potential fields, has already been pointed out for in-
stance by Turcotte (1992). He, however, has found (16)
to be an approximation rather than an equation. The
reason why relationship (16) does not have to be ex-
act is, that we have assumed incoherency of the planar
waves that we added to obtain (11). Coming back to
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inequality (10) and solving the integral for a scaling
function yields

0 < |f(w)]? < const u=P+?

(17)

Therefore, the difference between the scaling exponents
B2 and 82D can be more than one, if the waves added
tend to be in phase. Turcotte (1992, Table 7.2) found
differences of 1.02 to 1.09 between the 1-dimensional
and 2-dimensional scaling exponents for topographic
data. As far as we are aware, a geological explana-
tion of these deviations has not been attempted. To
see whether such deviations can also be observed for
potential fields, we analyzed a high quality aeromag-
netic survey. In our case the scaling exponent of the
2-dimensional field was exactly one (£0.05) more than
the scaling exponent of the average power spectrum
along the flight lines.

In any case, equation (16) seems to be at least a good
approximation, which allows for example, to derive the
isotropic scaling exponent 332 = from the observable

1D . of a density or susceptibility well log.

Scaling Exponent of the Gravity Field

Using equation (3) we can now calculate the observ-
able scaling exponents of lower dimensional cross sec-
tions of the gravity field. We will start by deriving the
scaling exponent 3;, observed in the horizontal obser-
vation plane:

9] —-p3b _
- dens
ey (ke k)| = € / K2\ Jh2 4 k2 4 k2 dk,
—00
where const has been abbreviated by c¢. Replacing
key = \/kZ + kZ we get
_ﬁggs_
© k2 k2
G2 = c kzf3" / 14 dk,
Ty
Substituting a = 7:5:; gives dk, = kg, da and
- - ©° —ﬂ3?vu_4
|§xy|2 = C-kryﬁggs ? kzy / a*V14a2 ° da
—00

For B30 > 0 the integral converges and

_(ﬁ ens )
=c\/kZ+ k2 (18)

In the horizontal observation plane a gravity survey will
therefore yield f77,y = B30, +

Since B}, is isotropic, we 1mmediately get the scal-
ing exponents for profiles:

ﬁdens

:B;‘:ield = ﬁ},ield = ﬁ;iyeld 1= (19)

den,s

— 3D
- ﬂdens‘

For 37,014, a similar calculation yields 8;;,;4
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Scaling Exponent of the Magnetic Field

Using equation (9) the following relationship for a
field which has been reduced to the pole is obtained in
a similar way:

e = Btera+ 1= Bfiera +2

= Blica+ 2= Bficra+2 (20)
This result is consistent with the work of Pilkington
and Todoeschuck (1993) who found the same relation-

ship between 830, and f7},, using a formula of Naidu
(1968).

Conclusion

We have shown, in which way the scaling exponents
of gravity and magnetic fields are related to the scaling
exponents of their source distributions. Further, we
have shown how 3 changes with dimension. The results
are summarized in table 1. It is interesting to note
that for any 1-dimensional cross section of a particular
field the scaling exponents are equal, despite the fact
that the 3-dimensional power spectrum of the field is
anisotropic.

Table 1. Relationships between the scaling exponents.

Source Field
3D| 2D 1D XY 1D
Gravity B 1 B=-1|8-2]|8+1 B
Magnetic | § | -1 |03-2|8—-1]|8-2

In the section on the scaling exponent we have
pointed out that in some cases these relationships may
be only approximately correct. But so far we have not
found a significant deviation from the predicted values,
neither for synthetic nor for real data. Nevertheless, ge-
ological situations may exist, where these relationships
are not exact. This could be an interesting topic for
further research.

In this paper all derivations were made in cartesian
coordinates. Interesting new results may be obtained
by considering the spherical case. This may be partic-
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ularly important due to the available global data sets
of satellite altimetry and magsat anomalies. The grav-
ity field in spherical coordinates has been studied for
instance by Khan (1977) in a different context.

Acknowledgements. The authors thank Dr S. K.
Verma for many helpful suggestions. Further, we would
like to thank Dr H. K. Gupta, FNA, Director NGRI,
for constant encouragement and permission to publish
this work.

References

Dimri, V. P., Deconvolution and Inverse Theory, Meth-
ods in Geochemistry and Geophysics, 29, Elsevier, p.
230, 1992.

Falconer, K., Fractal Geometry: Mathematical founda-
tions and applications, John Wiley and Sons, Chich-
ester, 1990.

Gregotski, M. E., O. G. Jensen, and J. Arkani-Hamed,
Fractal stochastic modeling of aeromagnetic data,
Geophysics, 56, 1706-1715, 1991.

Khan, M. A., Depth of sources of gravity anomalies,
Geophys. J. R. astr. Soc., 48, 197-209, 1977.

Mandelbrot, B. B., How long is the coastline of Britain?
Statistical self-similarity and fractional dimension,
Science 155, 636-638, 1967.

Naidu, P. S., Spectrum of the potential field due to
randomly distributed sources, Geophysics, 33, 337-
345, 1968.

Pilkington, M. and J. P. Todoeschuck, Fractal magneti-
zation of continental crust, Geophysical Res. Letter,
Vol. 20, No. 7, 627-630, 1993.

Todoeschuck, J. P. and O. G. Jensen, Scaling geol-
ogy and seismic deconvolution, Pure and Appl. Geo-
physics, 131, 273-287, 1989.

Turcotte, D. L., Fractals and chaos in geology and geo-
physics, 221 pp., University Press, Cambridge, 1992.

S. Maus and V.P. Dimri, National Geophysical
Research Institute, Hyderabad - 500 007, India.

Received: February 1st, 1994.
Accepted: March 14th, 1994.



